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potential core Transition
region

Fully developed
region

Mixing region
-constant axial
velocity

Decaying axial velocity

d0

2δ(x)

Fully Developed Region (at distances of about 20d0 and greater)

– Velocity profile shape becomes more or less “unchanged” (similar or 
self-preserving)

7. Plane Jet
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Assumptions: steady, axisymmetric, νt >> ν
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7. Boundary Layer

Nonturbulent flow
Superlayer

0 4. δ
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turbulent flow

7. Boundary Layer

viscous sublayer
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7. Boundary Layer

Dimensionless Velocity Profiles
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7. Boundary Layer

Logarithmic Velocity Profiles (in the buffer layer)

*
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logarithmic functions!
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Logarithmic Velocity Profiles

Inner variables : * *

*

 1 lnyu yuu f B
u

⎛ ⎞⎟⎜= = +⎟⎜ ⎟⎜⎝ ⎠ν κ ν

Outer variables :
*

1 lneU u y yg A
u

⎛ ⎞− ⎟⎜= =− +⎟⎜ ⎟⎜⎝ ⎠δ κ δ

κ ≈ ≈0 41 5 0. .      B

Strong favorable, A = 1.0
Flat plate, A = 2.5

Mild adverse, A = 5.6
Strong adverse, A = 13

7. Boundary Layer

*u
u x

+=
ν

yyu*

ρ
τ

≡ wu*

xu
u* small ~ a consequence of 

high Reynolds number

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟
⎠
⎞

⎜
⎝
⎛

δ
ϖ−+

δ

+=

κ

+
κ

+

regionouter in     1ln

sublayer inertialin                 ln

sublayer in viscous                            

2
11

1

*
yby

ay

y

u
u x

7. Boundary Layer



7. Boundary Layer 8. Spectral Analysis of Homogeneous Turbulence
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8. Spectral Analysis of Homogeneous Turbulence
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8. Spectral Analysis of Homogeneous Turbulence
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8. Spectral Analysis of Homogeneous Turbulence
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For homogeneous turbulence, there is no correlation in 
Fourier space between two wave vectors whose sum is not zero.

8. Spectral Analysis of Homogeneous Turbulence
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8. Spectral Analysis of Homogeneous Turbulence
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~ the compressibility of the velocity field induced by the 
nonlinear term is balanced by the pressure term

~ the spectral nonlocality arises from the convolution term
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~ involve third-order correlations (closure problem)
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~ viscous dissipation mainly at large wave number

11 −− η<<<< kL

(inertial subrange)
~ a range of intermediate wave numbers,

∫∫
∞

ν=Φν=ε
0

22 )(2)(2 dkkEkkdkk ii

0)( =∫ kdkTii~  Tii = energy cascade

8. Spectral Analysis of Homogeneous Turbulence

( ))()( kkikT jnmininmjnmij −ΘΔ−ΘΔ= )(Im2 kkT inminmii ΘΔ=⇒

Due to the symmetry:

( ) )(Im kkkT inmimninmii ΘΔ+Δ=

( ){ }∫∫
=++

Δ+Δ=
0

)(ˆ)(ˆ)(ˆIm    
kqp

mniimninmii qdpdqupukukkT

( ){ } )(ˆ)(ˆ)(ˆIm),;( qupukukkqpkS mniimninm Δ+Δ≡

= energy transfer rate into mode       through its 
interaction with modes

k
0   where,   and  =++ kqpqp

∫ ∫
=++

=
0

),;(  )(
kqp

ii qdpdqpkSkT

∫∫
=++

≡Θ
0

)(ˆ)(ˆ)(ˆ       )(
kqp

mniinm qdpdqupukuk

8. Spectral Analysis of Homogeneous Turbulence

( ){ } )(ˆ)(ˆ)(ˆIm),;( qupukukkqpkS mniimninm Δ+Δ≡

),;(),;(),;( pkqSkqpSqpkS ++

detailed conservation:

= 0

)(ˆ)(ˆ)(ˆ Im),;( 22 qupuku�
k
kk

k
k
kk

kqpkS mni
mi

imn
ni

inm
⎭
⎬
⎫

⎩
⎨
⎧

⎟
⎠

⎞
⎜
⎝

⎛ −δ+⎟
⎠

⎞
⎜
⎝

⎛ −δ≡

<proof>

{ })(ˆ)(ˆ)(ˆ )(ˆ)(ˆ)(ˆIm qupukukqupukuk ininmiim +=

( ){ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm qupukuqupukuk imimiim +=

global conservation:

0      ),;(  )(
0

== ∫ ∫ ∫∫
=++

kdqdpdqpkSkdkT
kqp

ii

0=++ kqp

),;(),;(),;( pkqSkqpSqpkS ++

( ){ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm qupukuqupukuk imimiim +=

8. Spectral Analysis of Homogeneous Turbulence

( ){ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm kuqupukuqupup imimiim ++

( ){ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm pukuqupukuquq imimiim ++ 0=++ kqp

( ){ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm qupukuqupukuk imimiim +=

( )( ){ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm kuqupukuqupukq imimiimm +−−+

( )( ){ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm pukuqupukuqukp imimiimm +−−+



8. Spectral Analysis of Homogeneous Turbulence

),;(),;(),;( pkqSkqpSqpkS ++

( ){ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm qupukuqupukuk imimiim +=

{ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm kuqupukkuqupuq imimmiim −−+

{ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm pukuquppukuquk imimmiim −−+

{ } )(ˆ)(ˆ)(ˆ)(ˆ)(ˆ)(ˆIm pukuqupkuqupuq imimmiim −−=

( ){ })(ˆ)(ˆ)(ˆIm kuqupupq miimm +−=

{ })(ˆ)(ˆ)(ˆIm kuqupuk miim=

= 0

0=++ kqp

~ Energy is redistributed but conserved. ~

8. Spectral Analysis of Homogeneous Turbulence

0),;(),;(),;( =++ pkqSkqpSqpkS

forward cascade

k

p

q

backward cascade

k
p

q

0=++ kqp

8. Spectral Analysis of Homogeneous Turbulence

( ) ( ) ( )kkkT
t

k
iiii

ii Φν−=
∂

Φ∂ 22

~  evolution equation of energy of mode

k

∫ ∫
π π

φθθ
⎭
⎬
⎫

⎩
⎨
⎧2

0 0

2 sin                                                  
2
1   ddk

)(2)()( 2 kEkkT
t
kE

ν−=
∂

∂

~  evolution equation of energy contained within 
modes of wave number k (eddies of length scale k−1)

0)(
0

=∫
∞

dkkT

∫
∞

ν=ε
0

2 )(2 dkkEk

)(kT

)(2 2 kEkν

1~ −η�k
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∫ ′′−≡Π
k

kdkTk
0

)()( = the energy transfer rate from large eddies 
of scales < k−1 to small eddies of scales > k−1

energy-containing eddies: 

0)( <kT : energy is extracted to smaller eddies

dissipation eddies: 

0)( >kT : energy is extracted from larger eddies

inertial eddies: 

constant)(or    0)( =Π= kkT

Energy is transferred into and out of the modes at a same rate.
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where

Pressure-velocity correlation does not change energy 
distribution among different wave vectors, but in directions.
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Fourier transform:

8. Isotropic Turbulence
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• triple velocity correlations
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Karman-Howarth equation
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