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Randomness probability and statistics

uuu ′+><=    

Velocity = mean + fluctuation (turbulent)

probability distribution function ( )uP

( ) uduP = probability of finding the velocity 
at a given location and a given time 

( )uduu +∈ ,

( ) 1=∫ ∫ ∫
∞

∞−

uduP

P.S. It is formally defined via 
ensemble of experiments.

( )∫ ∫ ∫
∞

∞−

>=< uduPuu

><−=′ uuu  
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s ( ) ( ) ( )∫ ∫ ∫

∞

∞−

>=< uduPufuf

( ) ( ) ( ) ( ) ><+><=>+< ugufuguf     

( ) ( ) ><λ=>λ< ufuf     λ : constant

 >
∂
∂

<
x
u

( )
h

xuhxu
h

><−>+<
=

→

)(lim
0

x
u
∂

><∂
=

( )
>

−+
<=

→ h
xuhxu

h

)(lim  
0
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∞

∞−

γγ >=< duuPuu )(

Central moments: 

( ) ( )∫
∞

∞−

γγ
γ ><−>=><−≡<µ duuPuuuu )(

u  of  variance2
2 =σ=µ

: measure how far about its mean u varies

uS   of  skewness3
3 =

σ
µ

≡

: measure of lack of symmetry of P(u)

uK   of  (kurtosis)factor  flatness4
4 =

σ
µ

≡

: measure how extensive the tails of P(u) are

01 =µ
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Joint probability distribution function ( )21,uuP

( ) 2121, ududuuP

= probability of finding velocity ( )111, uduu +∈ ( )11,at tx

and finding velocity ( )222, uduu +∈ ( )22,at  tx

( ) 1, 2112 =∫ ∫ ∫∫ ∫ ∫
∞

∞−

∞

∞−

uuPudud

( )∫ ∫ ∫
∞

∞−

= 2211 ,)( uduuPuP

( )∫ ∫ ∫∫ ∫ ∫
∞

∞−

∞

∞−

>=< 21212121 ,),(),( uuPuufududuuf
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Conditional probability distribution function ( )21 | uuP

( ) 121 | uduuP

= probability of finding velocity ( )111, uduu +∈ ( )11,at tx

conditional on having velocity ( )222 , uduu +∈ ( )22,at  tx

condition 2nd  thesatisfying ensembles
conditionsboth  satisfying ensembles

=

( )
22

2121
)(

,
uduP

ududuuP
=

( ) ( )
)(

,|
2

21
21 uP

uuPuuP =
( ) 11121 )(| uuPuduuP =

then ( ) )()(, 2121 uPuPuuP =

If two conditions are totally 
independent, i.e.

4.
 S

ta
tis

tic
al

 T
oo

ls
 a

nd
 S

pe
ct

ra
l A

na
ly

si
s Correlations:

( ) ( )( ) >′′>=<><−><−≡< 21221121, uuuuuuuuR

Correlation coefficients:

( ) ( )
>′<>′<

>′′<
=

σσ
≡ρ

2
2

2
1

21

21

21
21

,,
uu

uuuuRuu

( )
( )

( ) tindependen    and    if)only (not  if  0,   )(
related)stically (determini       

    iff   1,  )(
1,1   )(

2121

211221

21

uuuuii

uuuuii
uui

=ρ

σ±=σ±=ρ
≤ρ≤−

~ Values of correlation coefficients can indicate the extent of 
mutual dependence between two random variables.

Example: ( ) ( )2211 ,  and  , txuutxuu ==

(expect to be independent as t1− t2 is sufficiently large)

( ) ( ) ( )( ) ( )212121 ,,,,, tttxutxuuu ρ≡ρ=ρ

( ) dependent)y (completel    if   1, 1221 tttt ==ρ

( ) nt)(independe    if   0, 1221 ∞→−=ρ tttt

( ) extent)certain   to(dependent    if  1, 1221 Θ<−<ρ tttt

Θ = the order of magnitude of the temporal 

separation required for significant decorrelation
= the order of L/q (time scale of large eddies)
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( ) ( )∫
∞

−ρ=
0

2121, ttdtt
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Gauss (normal) Random Variable:

( ) ( )











σ
><−

−
σπ

= 2

2

2
exp

2
1 uuuP

~ determined by its mean and variance completely

~ Skewness S = 0

~ Kurtosis K = 3

~ moments of odd order are all zero

~ moments of even order can be related to the 
second moment

Turbulence velocity is nearly Gaussian

but not its derivatives (                          ).3  and  0 ≠≠ KS
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s Central limit theorem:

Suppose x1,x2,…,xn are independent identical random 
variables with mean µ and variance σ2.

Define ( ) σµ−≡≡∑
=

nnssxs
n

i
i   and   

1

Then ( ) ∞→









−

π
= nssP    as   

2
exp

2
1 2

That is s is Gaussian with mean nµ and variance nσ2.
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Gaussian

skewed

extensive tails
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( ) 




















σσ
′′

ρ−
σ

′
+

σ

′

ρ−
−

ρ−σπσ
=

21

21
2
2

2
2

2
1

2
1

22
21

21 221
1exp

12

1, uuuuuuP

where 
2121 σσ>′′<=ρ

><−=′

uu
uuu

( ) ( )trxuutxuu ,  and  , 21 +==

Example: turbulence velocities ),( txu

large. is  hen Gaussian wjoint nearly  is ),( 21 ruuP

small. is  hen Gaussian wjoint not  is ),( 21 ruuP
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Vincent & Meneguzzi (1990)

Reλ = 150
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Statistical Symmetries
• steadiness (stationary) 
~ statistical properties do not change with time

( ) ( )
),,(

,  and  ,

2121

2211

xttRuu
txuutxuu

>=<
==

),(),,(  steady 2121 xttRxttR −=⇒

• homogeneity 
~ statistical properties are the same at all spatial positions

( ) ( )
),,(

,  and  ,

2121

2211

txxRuu
txuutxuu

>=<
==

),(),,(   shomogeneou 2121 txxRtxxR −=⇒
~ infinite flow domain with no boundaries

~ e.g. grid turbulence, small-scale turbulence

~ maybe homogeneous in one or two spatial directions
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• isotropy 

~ no preferred direction

~ statistical properties remain unchanged as the coordinate system
rotates by an arbitrary amount about an arbitrary line, or reflect the 
flow in any plane

~ rotatonally (spherically) symmetric and statistically invariant under 
reflection

( ) ( )
),,(

,  and  ,

2121

2211

txxRuu
txuutxuu

>=<
==

),(),,(   shomogeneou 2121 txxRtxxR −=⇒

),(),(   isotropic 2121 txxRtxxR −=−⇒
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Spectral Analysis 
~ proper for homogeneous turbulence

~ convenient for an understanding of scales in turbulence

uuu ′+><=       :velocityturbulent 
0 >=< uFor simplification, assume for the time being that 

∫ ∫ ∫
∞

∞−

⋅= kdetkutxu xki),(ˆ),(

wave composition

kdtku

k

kk

k

),(ˆ  amplitude

2   length  wave

number wave

  vector  wave

=

π=λ=

==

=

Ref. “Fourier Analysis,”
T.W. Korner, Cambridge
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)3.11sin(1.0)7.2sin(5.0)sin( xxx ++)3.11sin(1.0)sin( xx +

Example:









)3.11sin(1.0
)7.2sin(5.0

)sin(

x
x

x

∫ ∫ ∫
∞

∞−

⋅= kdetkutxu xki),(ˆ),(
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∫ ∫ ∫
∞

∞−

⋅= kdetkutxu xki),(ˆ),(

( ) ∫ ∫ ∫
∞

∞−

⋅−

π
= xdetxutku xki),(

2
1),(ˆ

3

( ) ∫ ∫ ∫
∞

∞−

⋅

π
=− xdetxutku xki),(

2
1),(ˆ

3

( ) ∫ ∫ ∫
∞

∞−

⋅

π
= xdetxutku xki),(

2
1),(ˆ *

3
*

If u is real, then ),(ˆ),(ˆ * tkutku =−

Spectral Analysis 
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e.g. Dirac function 



 =∞

≡δ
otherwise   0

0  if  )( kk
( ) ∫ ∫ ∫

∞

∞−

⋅

π
= xde xki

32
1

<pf> Let kde
kd

exu xixi ⋅⋅ ⋅=⋅== 00 111)(

Obviously, 

( )kkkdku δ=


 =∞→

=       
otherwise                  0

0for      1)(ˆ

∫ ∫ ∫
∞

∞−

⋅= kdetkutxu xki),(ˆ),(
( ) ∫ ∫ ∫

∞

∞−

⋅−

π
= xdetxutku xki),(

2
1),(ˆ

3

( ) ∫ ∫ ∫
∞

∞−

⋅−

π
=δ⇒ xdek xki

32
1)(  1)(   and =δ∫

∞

∞−

kdk
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dkkE )(
( )dkkk +∈ ,

= kinetic energy per unit mass contained in the 
Fourier modes having wave number

Energy spectrum )(kE

∫∫∫= xdxuxu ii )()( energy  kinetic 2
1

∫∫∫ ∫∫∫∫∫∫ ′′⋅= ⋅′−⋅− xdkdekukdeku xki
i

xki
i )(ˆ)(ˆ2

1

( )∫∫∫ ∫∫∫∫∫∫ ⋅′+−′′= xdekukukdkd xkki
ii )(ˆ)(ˆ  2

1

( ) ( )∫∫∫∫∫∫ ′+δ′′π= kkkukukdkd ii )(ˆ)(ˆ  2 3
2
1

( ) ∫∫∫ −π= kdkuku ii  )(ˆ)(ˆ 2 3
2
1

( ) ∫∫∫π= kdkuku ii )(ˆ)(ˆ 2 *3
2
1
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