
10. DNS, LES, and RANS

~ attempts to predict turbulence
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~ four equations for four unknowns uj and p

DNS (Direct Numerical Simulation):

~ solve Navier-Stokes equations directly without modeling

~ finest grid Δx ~ Kolmogorov’s dissipation length scale

~ time increment Δt ~ Kolmogorov’s dissipation time scale

~ simulation time period = several L/q’s

Resolution 1:

10. DNS, LES, and RANS

Resolution 2:

Resolution 3:

Resolution 4:

10. DNS, LES, and RANS 10. DNS, LES, and RANS

Estimation of the number of grids required for a DNS with ReL = 104:

Kolmogorov’s dissipation time scale ~ ( ) 2121 Re−η =εν=τ Lq
L

43Re −=η LLKolmogorov’s dissipation length scale ~

( ) 9493 10~Re~~# LL η

Estimation of the number of time steps required for a DNS with ReL = 104:
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10. DNS

This animation demonstrates the evolution of near-wall coherent 
structures as they convect downstream in a fully-developed turbulent 
channel flow. The gray structures indicate where the fluid is "spinning" 
fastest: such regions are identified by solids (also known as "isosurfaces") 
which enclose all regions of the flow in which the discriminant of the 
velocity gradient tensor is greater than some positive threshold, 
indicating fluid motion which is focus in nature. Such regions also roughly 
(but not exactly) indicate where the pressure of the fluid is lowest, as do 
the visible cores of tornados; thus, the shaded regions above roughly 
correspond to tiny unstable "tornado-like" structures in the turbulent 
flow. 
Only one eighth of the computational domain used for this simulation, 
which used approximately 8.5 million grid points, is shown. The 
animation is shown in a reference frame which convects at approximately 
2/3 of the bulk velocity to slow the apparent movement of these structures 
so that their evolution may be more easily observed. 
Simulation by Thomas Bewley (UCSD). Visualization by Ned Hammond 
(Stanford). 

Color contours of the vorticity magnitude in Direct Numerical 
Simulations of supersonic turbulent jet with near acoustic field. 
The simulations were performed by Jonathan Freund, Parviz
Moin and Sanjiva K. Lele. 

10. DNS

Color surfaces (red is positive, blue is negative) of the 
instantaneous streamwise vorticity in Direct Numerical 
Simulations of flow over a cylinder at Re=300. The simulations 
were performed by Arthur Kravchenko. 

10. DNS

a spatially evolving free shear layer 
Bert Debusschere

10. DNS



10. DNS, LES, and RANS

Resolution 3: LES

Resolution 4: DNS

10. LES

LES (Large Eddy Simulation) ~ spatial average
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Leonard  stresses, Lij
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3. solve large-eddy motion       :iu
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~ four equations for four unknowns uj and p
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4. Subgrid-stress models ~ modeling small-scale turbulence

( )ijkkij
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~ effects of small eddies on large eddies through interactions in between

~ effects of small eddies generated by large eddies on large eddies

~ theoretically computable (no need in modeling)

~ usually modeled together with subgrid stresses because its 
magnitude is usually on the order of truncation errors. In that case,
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~ solve for the large eddy averaged velocity and the modified pressure 

~ subgrid stresses need modeling

10. LES

( )
j

sub
ij

i
jj

i

ij

jii
x

f
xx

up
xx

uu
t

u
∂

τ∂
++

∂∂
∂

ν+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ρ∂

∂
−=

∂

∂
+

∂
∂ 2

mod

10. LES

                                                              
             iu

⎧ ⎫⎪ ⎪⎪ ⎪⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭

( )2121
22

mod

ii
j

j

sub subi i i i i
i i ij i i ij

i j j j j j

uu u
t x

u p u u u uu u u f
x x x x x x

∂∂ +
∂ ∂

⎛ ⎞⎛ ⎞ ∂ ∂ ∂ ∂∂ ∂ ⎟⎜⎟⎜ ⎟=− + ν + τ −ν + −τ⎜⎟⎜ ⎟⎟ ⎜⎟⎜ ⎟∂ ρ ∂ ∂ ∂ ∂ ∂⎜⎝ ⎠ ⎝ ⎠

Energy exchange rate between resolved and subgrid eddies

sub i
ij

j

u
x

∂τ
∂

(a) Smagorinsky’s model (1963, Mon. Weather Rev. 91, 99)
~ simplest, commonly used
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• mixing length assumption:
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~ always positive (no backward cascade)

~ isotropic

~ incorrect near walls
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(a) Smagorinsky’s model (1963, Mon. Weather Rev. 91, 99)

•Determination of the proportional constant:

Energy exchange rate between resolved and subgrid eddies:
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(a) Smagorinsky’s model (1963, Mon. Weather Rev. 91, 99)

• Determination of the proportional constant:

At large Reynolds number: >ε>≈<ε< g

213

43243

3
21

><

><
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
π

=
S

S

C
C

K
S

( ) 212 ijij SSS ≡

( ) ( ) 212 2 /
ijijSt SSσCν =

ijt
sub
ij Sντ 2−=

43

3
21

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
π

≈
KC

10. LES

( )
3 2 2

3 22 3 22
3S

K

C S S
C

⎛ ⎞ ⎛ ⎞σ⎟⎜ ⎟⎜σ < >≈ < >⎟⎜ ⎟⎜⎟ ⎟⎜⎜ ⎟ ⎝ ⎠π⎝ ⎠

(b) structure-function model (1992, JFM 239,157-194)

structure function: ( ) >+−≡< 2
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10. LES For isotropic homogeneous turbulence:
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(b) structure-function model (1992, JFM 239,157-194)
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∫ ⎟
⎠
⎞

⎜
⎝
⎛

Δ
Δ

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
≈Δ

−ck

c
c dk

xk
xk

k
kkExF

0

35

2
sin1)(   4)(

c

c
k
kE

x
A )(4

2

38

Δ

π
=

476738.0sin1   
0

35 ≈ξ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ξ
ξ

−ξ≡ ∫
π

− dA

On the other hand, expect from mixing length assumption:

( )
21

211 )(
)(~~ ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⋅Δ⋅Δν −

c

c
ccct k

kE
kEkkux

21

238

221

)(
4

)(
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

Δ
π

Δ
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
≡ν xF

A
xC

k
kE

C F
c

c
Ft

10. LES

(b) structure-function model (1992, JFM 239,157-194)
• Determination of proportional constant (CF):

At large Reynolds number: ∫ν>=ε>≈<ε<
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•Comparison between Smagorinsky’s model and structure function model:
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•Comparison between Smagorinsky’s model and structure function model:

10. LES

(c) dynamic model (1992, JFM 238,352-336; 1991, Phys. Fluids A 3, 1760-1765)

idea: use two filters, one with width Δx and the other with αΔx (α>1)
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ijijij TL ℑ−= ~~Germano identity:

If Smagorinsky’s model is applied, then

ijijkkij SSxCTT 2
3
1 2 Δ=δ−

= effect of eddies of size < Δx on those of size > Δx

( ) ijijkkij SSxC
~~

2 2
3
1 Δα=δℑ−ℑ

= effect of eddies of size < αΔx on those of size > αΔx

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+

∂
∂

=
i

j

j

i
ij x

u
x
u

S
~~~

2
1

⎟
⎠
⎞⎜

⎝
⎛ Δα−Δ=δ− ijijijkkij SSxCSSxCLL

~~
  2~~ 222

3
1

10. LES

Assume C = constant:

• One possibility: 
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• Another possibility: choose C to be the one that minimizes E(C)
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Other subgrid models:

• variations of dynamic model

(1992) Phys. Fluids A 4, 633-635

(1994) Center for Turbulence, Proc. Of the Summer Program 271-299

(1995) JFM 286, 229-255

• k-equation dynamic model

dynamic model:

• C = 0 in laminar flows and at walls. 

• A negative C is possible (backward cascade).

• mathematically inconsistent (dynamic localization methods)

• Too strong negativeness causes instability.

• The real C is found to be intermittent. 
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(d) spectral models (models in the wave space)
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Color shades of the instantaneous passive scalar in Large 
Eddy Simulations of turbulent flow in coaxial jet combustor 
with swirl. The simulations were performed by Charles Pierce 
and Parviz Moin. 
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Color shades of the instantaneous streamwise velocity in Large 
Eddy Simulations of turbulent flow in plane diffuser. The 
simulations were performed by Massimiliano Fatica, Rajat
Mittal, Hans Kaltenbach and Parviz Moin. 
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Color contours of the instantaneous vorticity magnitude in 
Large Eddy Simulations of flow over a cylinder at Re=3900. 
The simulations were performed by Arthur Kravchenko. 

10. LES 10. DNS, LES, and RANS

RANS (Reynolds Averaged Navier-Stokes Equations)
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§ Zero equation
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§ One-Equation Model
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§ Two-Equation Model

• turbulent kinetic energy dissipation rate (per unit mass):
j

i

j

i
x
u

x
u

∂
′∂

∂
′∂

ν≡ε

mm

i

jj

i

m

j

m

i

j

i

j

m

j

i

m

j

i

j

m

i

mj

i

m

i
j

jmm

j

m

i

m

i
j

j

xx
u

xx
u

x
u

x
u

x
u

x
u

x
u

x
u

x
u

x
u

xx
u

x
u

u

xx
p

x
u

x
u

x
u

u
xDt

D

∂∂
′∂

∂∂
′∂

ν−
∂

′∂

∂
′∂

∂
′∂

ν−

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∂
′∂

∂
′∂

+
∂

′∂

∂

′∂

∂
∂

ν−
∂∂

∂
∂

′∂′ν−

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∂
ε∂

ν+
∂

′∂
∂

′∂

ρ
ν

−
∂

′∂
∂

′∂
′ν−

∂
∂

=
ε

22

2

22      

22      

2

exact equation:
turbulent diffusion molecular diffusion

production

destruction

10. RANS

ε⋅
ε

−≡ ε K
C 2:

mm

j

m

i

m

i
j x

p
x
u

x
u

x
u

u
∂

′∂
∂

′∂

ρ
ν

−
∂

′∂
∂

′∂′ν−
2

turbulent diffusion terms:

jx
KC

∂
ε∂

ε
≡ ε

2
:

production terms:

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∂
′∂

∂
′∂

+
∂

′∂

∂

′∂

∂
∂

ν−
∂∂

∂
∂

′∂′ν−
j

m

j

i

m

j

i

j

m

i

mj

i

m

i
j x

u
x
u

x
u

x
u

x
u

xx
u

x
u

u 22 
2

j

i
ji x

u
uu

K
C

∂
∂′′ε

−≡ ε1:
j

it
ij x

u
skg

m
∂
∂

τ⋅
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⋅
≅

3

jxs
m

∂
ε∂

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
≅

2

mm

i

jj

i

m

j

m

i

j

i
xx

u
xx

u
x
u

x
u

x
u

∂∂
′∂

∂∂
′∂

ν−
∂

′∂

∂
′∂

∂
′∂

ν−
22

22

destruction terms:

ε⎥⎦
⎤

⎢⎣
⎡≅

sec
1

j

i

i

j

j

i
x
u

x
u

x
u

KCC
∂
∂

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

∂

∂
+

∂
∂

≡ εμ 12:

10. RANS



6 equations for 6 unknowns ⎟⎟
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§ Reynolds-stress Model

RANS (Reynolds Averaged Navier-Stokes Equations)
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11 equations for 11 unknowns
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§ Reynolds-stress Model

10. RANS

§ Algebraic Stress Model

Assume  negligible turbulent convection and diffusion

⎟
⎠
⎞

⎜
⎝
⎛ δ−′′ε

−εδ−

⎭
⎬
⎫

⎩
⎨
⎧

∂
∂

′′δ−
∂
∂

′′+
∂

∂
′′+

⎭
⎬
⎫

⎩
⎨
⎧

∂
∂′′+

∂

∂
′′−

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∂

′′∂
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
ν+

ε∂
∂

=
′′

Kuu
K

C

x
u

uu
x
u

uu
x
u

uuC

x
u

uu
x
u

uu
x

uuKC
xDt

uuD

ijjiij

m

n
mnij

m

i
mj

m

j
mi

m

i
mj

m

j
mi

m

ji
K

m

ji

3
2

3
2               

3
2               

1

2

2

⎭
⎬
⎫

⎩
⎨
⎧

∂
∂

′′δ−
∂
∂

′′+
∂

∂
′′+

⎟
⎠
⎞

⎜
⎝
⎛ δ−′′ε

−εδ−
⎭
⎬
⎫

⎩
⎨
⎧

∂
∂′′+

∂

∂
′′−=

m

n
mnij

m

i
mj

m

j
mi

ijjiij
m

i
mj

m

j
mi

x
u

uu
x
u

uu
x
u

uuC

Kuu
K

C
x
u

uu
x
u

uu

3
2 

3
2

3
20

2

1

~ algebraic equations for the Reynolds stresses ~ 
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10. RANS 10. DNS, LES, and RANS

Comparisons among DNS, LES and RANS:

DNS

• simulate motion of all scales (limited only by numerical errors)

• able to capture all details of the turbulent flow fields

• tremendously large amount of computations and huge data size 

LES

• simulate motion of large eddies only (less computations)

• need modeling effects of subgrid eddies on large eddies

• able to see fluctuations over length scale >= Δx

RANS

• compute only ensemble averaged quantities (least computations)

• need strong assumptions to model effects of fluctuations on the mean motion


