[ 10. DNS, LES, and RANS|

~ attempts to predict turbulence
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~ four equations for four unknowns »; and p

DNS (Direct Numerical Simulation):

~ solve Navier-Stokes equations directly without modeling

~ finest grid Ax ~ Kolmogorov’s dissipation length scale

~ time increment Az ~ Kolmogorov’s dissipation time scale

~ simulation time period = several L/g’s

[ 10. DNS, LES, and RANS|

Resolution 1:

Resolution 2:

[ 10. DNS, LES, and RANS|

Resolution 3:

Resolution 4:

[ 10. DNS, LES, and RANS|

Estimation of the number of grids required for a DNS with Re, = 10%:

et -3/4
Kolmogorov’s dissipation length scale ~ N = L Re L3/

#~(L/n)® ~ Re¥* ~10°
Estimation of the number of time steps required for a DNS with Re, = 10%
L _1/
Kolmogorov’s dissipation time scale ~ Ty = (v/g)l/2 =— ReLL 2
q

/ i
4~ 149 - Re¥2 ~100
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[ 10. DNS, LES, and RANS|

Resolution 3: LES

A

Resolution 4: DNS

LES (Large Eddy Simulation) ~ spatial average

1. selecta space filter G(|y —x|;c)
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2. define large-eddy quantity:
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~ four equations for four unknowns ; and p




4. Subgrid-stress models ~ modeling small-scale turbulence
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Ny = wuy+uu; ++uu
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o =~y ~Lnud;)
~ effects of small eddies on large eddies through interactions in between

Ly = ﬁ U
~ effects of small eddies generated by large eddies on large eddies
~ theoretically computable (no need in modeling)
~ usually modeled together with subgrid stresses because its
magnitude is usually on the order of truncation errors. In that case,
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~ solve for the large eddy averaged velocity and the modified pressure

~ subgrid stresses need modeling
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Energy exchange rate between resolved and subgrid eddies
ou,
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(a) Smagorinsky’s model (1963, Mon. Weather Rev. 91, 99)
~ simplest, commonly used

+ eddy viscosity: 730 = —2v,S;
_ W, Ou;
Sy =3 L
ox; O
« mixing length assumption:

~Ax-Au~c-ofs| , [5]=(5;5; )

/2
— (C50)?(25,5,
~ always positive (no backward cascade)
~ isotropic
~ incorrect near walls




(a) Smagorinsky’s model (1963, Mon. Weather Rev. 91, 99)
*Determination of the proportional constant:
Energy exchange rate between resolved and subgrid eddies:
b OU; -3
sub 2
<g, >=<1j" ﬁ >=(Cso)’ <[|3]" >
~
Recall for homogeneous isotropic turbulence:
/o
S| =< o0, >~2 [ kK*E(k)dk
0

At large Reynolds number:
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(a) Smagorinsky’s model (1963, Mon. Weather Rev. 91, 99)

« Determination of the proportional constant:

At large Reynolds number: <g, >~<g& >
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(b) structure-function model (1992, JFM 239,157-194)

structure function: £, (%, 7) =<|ii(%, )~ ii (& + 7,)° >

For homogeneous isotropic turbulence:
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structure function of resolved eddies:
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10. LES For isotropic homogeneous turbulence:
<u, (@, (R+7)>= [ D, (1? )exp(ﬂ? : 7)d1€
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10. LES For isotropic homogeneous turbulence:

<u, (X, (X +7) >= 4T Ko, (k)%(kr)dk
0

Kmax

Recall  Luu, =1[[f®, (k./)dk = | E(k)dk
0
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(b) structure-function model (1992, JFM 239,157-194)

At large Reynolds number:

3 -5/3 . 8/3
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On the other hand, expect from mixing length assumption:
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(b) structure-function model (1992, JFM 239,157-194)
«  Determination of proportional constant (Cy):

K,
At large Reynolds number: <& >~<g, >=2v, jk E(k)dk

<e>=2v fk E(k)dk

k. 3
=2v,] k2-C, <> Kk = C.CY?
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(b) structure-function model (1992, JFM 239,157-194)
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¢ computation of structure function

Fz(f,Afc) E<( (X)) —1u; (x+Ax))(u (X)—u; (x+Ax))
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«Comparison between Smagorinsky’s model and structure function model:

Ax; = Ax
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*Comparison between Smagorinsky’s model and structure function model:
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(c) dynamic model (1992, JFM 238,352-336; 1991, Phys. Fluids A 3, 1760-1765)
idea: use two filters, one with width Ax and the other with aAx (a>1)
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Germano identity: L, =7, -3,

U
If Smagorinsky’s model is applied, then

.
T; - 1748, = 2CAx*[S]S;,

= effect of eddies of size < Ax on those of size > Ax

- 2zl
3, - 13,8, = 2C(ax) ‘S S,

= effect of eddies of size < aAx on those of size > aAx
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Assume C = constant:
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SUJ = 2cM,
* One possibility:

« Another possibility: choose C to be the one that minimizes £(C)
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2D o (%,1)
2M, M

mn mn

dynamic model:

* C =0 in laminar flows and at walls.

« A negative C is possible (backward cascade).

» mathematically inconsistent (dynamic localization methods)

« Too strong negativeness causes instability.

« The real C is found to be intermittent.

Other subgrid models:

« variations of dynamic model

(1992) Phys. Fluids A 4, 633-635

(1994) Center for Turbulence, Proc. Of the Summer Program 271-299
(1995) JFM 286, 229-255

« k-equation dynamic model T, — 57,8, = 2CAx-k?.5,

y

(d) spectral models (models in the wave space)

@ =T(k) - 2vk2E(k)

ot
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p+q+k=0

= JI T(kip.q)dpdd+ [[ T(kp.q)dpdg

PHG+k=0 P+G+k=0
p and g<k, P org>k,
cascade due to
k <k, : resolved eddies igigerﬁoﬁgfjses’
k >k, : subgrid eddies

0 " : "
[— 4 2vkz]E(k) = [ T(kp.qgdpdg+ [ T(kip,q)dpdg
ot PO p4i k=0
p and g<k, p or g>k,

= J[ T(k;p,q)dpdq + 2v,k*E(k)
e
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ot pRd
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vk*E(k)= [ T(k;p,q)dpdg
Pritko

10. LES WEEK)= [[ T(k p,q)dpdg

P+q+k=0
P Of >k,

Isotropic homogeneous turbulence theory:
EDQNM (Eddy-damped quasi-normal Markovian by Orszag)

DIA (direct interaction approximation by Kraichnan)

T(k,p.q)=8,, = ; - E(q)-(KE(p)- p*E(k))

2/3

E(k)=Cy(e) k"

8 =(n +m, +1, )

) ) M = pCy <8>1/3 KR
Xx,y,Z . cosine value of the
corresponding angles




0 & 5 (1=0\S =N
[E—I—vkz]ui:—iAijkm If uj(p)um(q)diidq

PHg—k=0

[g+(v+u,)k2]ﬁi =—idk, [ i, (p)a,(§)pdq

p+g=k

for k<k,

Kraichnan,1976, Eddy viscosity in two and three dimensions,
J. Atmos. Sci. 33 1521-36.

= the fraction of the total energy
k.)dk'  transfer across k, which comes from
wavenumbers between & and £,
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[ 10. DNS, LES, and RANS|

RANS (Reynolds Averaged Navier-Stokes Equations)

D, _ 0t , 0 _ 8[p+§K] 10

T t
= j 8i +*f(r~+r--)
Droa o ooy pax,
(Here overbar represents an ensemble average.)
= _ 2 94| meanviscous
P ox ; Ox; | stresstensor

Ty =—puju’; +2pK3; = Reynolds (turbulent) stress tensor
W Zero equation
B One equation Model : model K-equation
B Two equation Model : K —equation + ¢ —equation
B Reynolds stress models: model rfj -equations

§ Zero equation
t
L Tii = .
« Eddy Viscosity Concept: % — 2VzSij (dwergence - free)
p

V, : eddy viscosity (isotropic herein)

« Mixing length models: v, ~ 2 m

{ Prandtl and Karman: { van Driest Model
~ 2 ar
Sublayer: I~y I~ m{l—ex;{—ﬂﬂ ; A~ 26 forflat-plateflow
Overlap layer: [ ~ ky
W
Outerlayer: 1 % constant damping factor

A varies with flow conditions
(pressure gradient, wall roughness, blowing/suction etc)

§ One-Equation Model
t
. . T _ )
+ Eddy Viscosity Concept: — = 2y /Sy (divergence - free)
p

« dimensional analysis:
v, = f(K,?)
| Lo
mz/s mz/s’Z m2/53

« turbulent kinetic energy dissipation rate:

=C, K%z

- _ dragx velocity _ lpx velocity? x areaJx velocity  K%'?

mass pL® L
KY2 o eddy velocity _ K32
- €
[ o effective eddy size L




« turbulent kinetic energy per unit mass K:

DK _ oK 0K
Por TP pfaxj

S u' —Louluu'; + oK1 u'u'&—Z S

& turbulent diffusion term:

2
1— - 2| oK K? 0K
ror 1. 0 1.0 P~ =
—=pu - U, = Cpl—|— =Cxr—
ppj 2 %% KI:tj|axj SOJ\j
& turbulent production term:
ou; (9 ou; , O,
—puiu'; =\t —2pK5;; | —-=1}; —
pu; J axj ( ) 3p l])axj UJ axj
t 2 o
T _ ot ;
T _ 2y, l_jzqulé ou; | oM
p e (ox; ox;

§ One-Equation Model

oK _ 0K o K?> 0K oK K?(om, Ou;\om _
—tu————Cpr— +v—r+C,— == =L=
h Ox; € |ox; Ox

o Jox; o g Oy,
Ot
—J_p
ax;
o, ou, 7 2
Gt 7j & _gl_i £+%K +i v—L~L 4 CMK
Ot ox; ox; \ p ox;
3/2
g=C,~
L

6 equations for 6 unknowns (u[ )

P2k, k, bj
p

with 3 empirical constants (Cx. C,. C¢/L)

§ Two-Equation Model

« turbulent kinetic energy dissipation rate (per unit mass): € = v

exact equation: -
turbulent diffusion

.
DE 0 {_Vu, duj ouj _2vOuy op  0F

Dt Ox ; / ox,, 0x, p Ox, Ox, Ox ;
production

Q7T a2 — (A7 AT e
_ ou} 0°u; - Oit; | Ou’; ou’; N ou} oul,

0x,, Ox ;0x, Ox, | Ox; Ox, Ox;

destruction
" —
Oul ou; Ou; o%u; o%u)

v v —
A
Ox ; 0x,, 0x, 0x ;0x ; 0x,,0x,,

Ou; ouj

molecular diffusion

& turbulent diffusion terms:

-y, —————— ———— =
m

& production terms:

= e —=

2 58 C K 2
ox F3

oy 04 8%, 5, 0 |Ouf Ouj  Buj ou,,
7 ox, Ox ;0x,, 0x,, | O0x; Ox, Ox; Ox;
3 S = —
m ot g —— Ou
= Ty —L = —Co —ujuy —
kg - s 0x ; K Ox ;
5 ou ou ;| ou,
’ ) ZCM(EIK[ St — ]ﬁ -
& destruction terms: % Getg ) @25 g
_ 5y 0ui 0 ou’; oy o%ul  0%ul ;[ 1 }z
Ox j 0x,, 0x, Ox jOx ; Ox,,0x, sec




§ Two-Equation Model
2 2(ou, Ou:)\ou
K K 0 {c K 6K+V8K}+CMK(6MI+,]6MI_
€

—+i; — g
a Vo o | Koy oy ox; o Jox
ou;
Ox; -
ow; _ om; p *( ow; Ou;
L"'i‘i ’=gi_i P % i 2 +2CH£ Ui (T
or 7 ox; 0Ox; 6 i ; ox;  Ox;
= 2 e . =2
be_ @ JCS B +2C,Cyk| Oy Gz o
Dt f,‘x,l € 0Ox; 0x; Ox ; Ox © K
; - P2 z
6 equations for 6 unknowns | ; , o +5K, K, ¢

with 5 empirical constants (CK, Cu G Cgl,ng)

§ Reynolds-stress Model
RANS (Reynolds Averaged Navier-Stokes Equations)

“J_p
ox;
DEI» ou; _ Ou; 10p 1 0 (-
—+tu; ’=g,~—f—p ( +rf-j)
Dt ot ox; p Ox; pﬁx

_ ow; , Ou; | mean viscous
Toe = —
i=H x; ox | stresstensor

pu u’; = Reynolds (turbulent) stress tensor

ij

‘ Model Tf/ equations directly.‘

Reynolds stress tensor equations

T AT T
Duju'; :auiu/ - Ouju';

+ m
Dt ot 0x,,

u';8,, +uld
U jOim i jm)p

~ viscous diffusion/dissipation effect

nonlocal

,[ s B ag,.] ~ production and reorientation by the
mo m ) mean motion

_ Quijtn ¢ urbulent advection

& turbulent diffusion terms:

- . 27 A1 2 A"

P o _|m uiu’y K* Oujuj

(u 5 +u,5]m)p —uiuy, = — SCg ——o—=
€

& pressure-strain terms:

Ox; Ox;

{ ou, 5%;] traceless, expected to be able to
J

be expressed in terms of ZL and —uju';
X
J

Py oo A
—— 11| ou; Ji ou; ———0u; 2. —— ou,
~ i — o "o 5 n
= [ uju'; ] — =Chqujuy, 7»} +u/um— Syt P
ox ; 3

OXpy Xy OXpy

& dissipation terms: ] .
non-isotropic part

614 au 15—36[/-876'1 g[u u'; Zb Kj
8x 8xm . 387 K 3
isotropic part

!




modeled Reynolds stress tensor equations

Dulu’; K2 Ouu'; ___ou; — ou
o Cx —+v |—2Lt—duju, —— +uju, i
Dt 0x,, € 0x,, 0x,, 0x,,

6 equations for 6 new unknowns( w?, u?, ul?, ujuh, ubul, ubu] J

i

DK @ K? K| 1[——ou;, —— ou,
— T Gk =V 55 Liltm Tuy, =&
Dt 0x, € 0x,, 2 0x,, 0x,,

§ Reynolds-stress Model
DE @ { o K2 oe

— — B —2
0t € —— Ou; &
—Cy—uu', —L+—-C.p —

= — —_— +v— 5=
Dt 0x, € Ox 0x, K Ox ; K

11 equations for 11 unknowns
Ou ; I i -
—L=0 171,172,173,£,E,ui2, uy?, ub?, ujuy, uhuly, ubuj
6xj- p
Ou

W, G _ 1@ 0

et ) =0 —v——uu".
ot J axj &i o axi axj [V axj u,uj}

Dulu’; Fl K2 oulu'
—t= Cx —+v -
Dt ox € Ox

m

T 6’7/ o
+Coquiu +u'iu

m m A~
0. /M

*m

2. _ e(—F 2
755,‘/8 7C1?[u,u/ —55,»/1(}

§ Algebraic Stress Model

Assume negligible turbulent convection and diffusion

A7 A —

——Oou; —— ou: 2 ou
+Codulul, —L +u'u! L— =8, ulu, a
2\ %i%m jtm g iz

Xm Xm

~ algebraic equations for the Reynolds stresses ~

Masud Behnia, Sacha Parneix
& Paul Durbin

Impinging jet on a flat plate
k—contours
k—& model [ V2F model
= ' | E_ 5
0000 0.086 0000 049




10. RANS Impinging jet on a pedestal [ 10. DNS, LES, and RANS|

k—cont ;
k-cmodel ‘g=”iogy’ V2F model Comparisons among DNS, LES and RANS:
0104 0.059;
DNS

« simulate motion of all scales (limited only by numerical errors)

« able to capture all details of the turbulent flow fields

« tremendously large amount of computations and huge data size
LES

« simulate motion of large eddies only (less computations)

» need modeling effects of subgrid eddies on large eddies

on top of the | Mesbeh of o, 1593
pedestal ; — Var cotet
H £t model

« able to see fluctuations over length scale >= Ax
RANS

downsd ream on
the Mat plate

« compute only ensemble averaged quantities (least computations)

Masud Behnia, Sacha Parneix « need strong assumptions to model effects of fluctuations on the mean motion

& Paul Durbin




